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Dynamical Casimir-Polder force between an atom and a conducting wall 
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The time-dependent Casimir-Polder force arising during the time evolution of an initially bare 
two-level atom, interacting with the radiation field and placed near a perfectly conducting wall, is 
considered. Initially the electromagnetic field is supposed to be in the vacuum state and the atom in 
its ground state. The analytical expression of the force as a function of time and atom-wall distance, 
is evaluated from the the time-dependent atom-field interaction energy. Physical features and limits 
of validity of the results are discussed in detail. 
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I. INTRODUCTION 

The presence of vacuum fluctuations is a remarkable 
property of quantum field theory. In quantum electro- 
dynamics these fluctuations are responsible of many ob- 
servable effects such as Casimir and Casimir-Polder forces 
PL 0i S 13 • They are long-range electromagnetic inter- 
actions between neutral objects such as atoms/molecules 
or macroscopic bodies. These interactions are related to 
the properties of the vacuum state of the electromag- 
netic field, in particular to the fact that vacuum field 
fluctuations may polarize the atoms or exert a pressure 
on macroscopic bodies, and thus induce electromagnetic 
interactions. Recently, Casimir forces have been mea- 
sured with remarkable precision for different topologies 
0, [y] . The atom- wall Casimir-Polder force has also been 
measured with precision [7], |8(, and a good agreement 
with theoretical predictions has been obtained. 

In this paper we consider the Casimir-Polder force be- 
tween an atom and a perfectly conducting plate in a 
dynamical (i.e. time-dependent) situation. Recent pa- 
pers have given special attention on the problem of time- 
dependent Casimir-Polder forces between two or more 
atoms or dynamical Casimir forces between macroscopic 
objects [9, LLCJ, EH LL2| • Current experiments are try- 
ing to detect the real photons emitted in the dynamical 
Casimir effect [13|. In this paper we consider the dy- 
namical Casimir-Polder force arising between a perfectly 
conducting plate and an initially bare ground-state atom 
during its dynamical self-dressing. We obtain an ana- 
lytical expression of the time-dependent Casimir-Polder 
force, which is characterized by a timescale correspond- 
ing to the time taken by the field emitted by the atom 
to go back to the atomic position, after reflection on the 
conducting plate. This is physically sound, because after 
this time the interaction of the atom with the (reflected) 
reaction field starts. We also find that the dynamical 
Casimir-Polder force can be attractive or repulsive ac- 
cording to time and atom-wall distance (on the contrary, 
the stationary Casimir-Polder force for a ground-state 
atom is attractive for any atom- wall separation [2|]). 



This paper is organized as follows. In Section |TT] 
we introduce the Hamiltonian describing our system in 
the multipolar coupling scheme and solve the relevant 
Heisenberg equations for atomic and field operators. In 
Section |TTT] we discuss a method for obtaining the station- 
ary atom-wall Casimir-Polder energy and force, which is 
then generalized to the time-dependent case that is the 
main subject of the paper. In Section [TTT1 we also discuss 
the results obtained and their physical interpretation, as 
well as possible future developments. 



II. THE HAMILTONIAN AND THE 
HEISENBERG EQUATIONS 

We consider a two-level atom in front of an infinitely 
extended and perfectly conducting wall placed at z = 
0. In the multipolar coupling scheme and within dipole 
approximation, our system is described by the following 
Hamiltonian 



H = Huj S z + ^ f^kaljdkj 
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where lu = ck is the transition frequency between the 
atomic levels and f (kj, r) are the field mode functions 
evaluated at the atomic position r, that take into ac- 
count the presence of the wall. S z , S+ , S- are the pseudo- 
spin operators of the two-level atom, and fi is its electric 
dipole moment operator. 

In the presence of an infinite perfectly conductin g wa ll 
placed at z = 0, the mode functions f(kj, r) are [3. R4| 
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These expressions of the field modes should be considered 
in the limit L — > oo. 

In order to evaluate in the next Section the dynamical 
Casimir-Polder energy, we need expressions of field and 
atomic operators in the Heisenberg representation. Thus 



J 



we can write the Heisenberg equations for atomic and 
field operators, and solve them iteratively at the low- 
est significant order. After straightforward algebra, we 
obtain the following expressions for the Heisenberg oper- 
ators relevant for the calculations in Section UTT1 
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(the superscripts indicate the perturbative order) , where 
we have introduced the auxiliary function 



F(x,t)= / e lxt dt' = 
Jo 



1 



(5) 



III. 



THE DYNAMICAL CASIMIR-POLDER 
INTERACTION ENERGY 



In order to obtain the dynamical Casimir-Polder force, 
let us first consider the stationary case. In this case, the 
atom- wall potential energy for a ground state atom is ob- 
tained from the second-order energy shift AE^ of the 
bare ground state |0, J.) (field in the vacuum state and 
atom in its ground state) due to the atom-field interac- 
tion, calculated by perturbation theory. The force is then 
obtained as minus the derivative of the potential energy 
with respect to the atom-wall distance d 



F(d) 
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In this quasi-static approach, the atom's translational 
degrees of freedom are not taken into account. The well- 



known result for an isotropic two-level atom is [if 
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where f(z) and g(z) are the auxiliary functions of the sine 
and cosine integral functions [lg|. This force is negative 
for any atom- wall distance d, yielding an attractive force, 
and behaves as d~ 4 for d -C k^ 1 (near zone) and as d~ 5 
for d^> k^ 1 (far zone) Q- 

It is easy to show, independently from the explicit form 
of Hi, that 



AE( 2) = d(0,1\Hi\0,1) d 



(8) 



where |0, l) D is the first-order dressed ground state of the 
system 
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This relation shows that the second-order energy shift 
can be also obtained from the average value of the in- 
teraction Hamiltonian on the dressed ground state of the 
system [17] . 

We now consider the time-dependent situation, when 
the atom is initially in its bare ground-state. This state 



is not an eigenstate of the total Hamiltonian and thus it 
evolves in time (dynamical self-dressing) [18], [l9| , finally 
yielding a time-dependent Casimir-Polder force between 
the atom and the wall. In order to obtain the dynamical 
(i.e. time-dependent) Casimir-Polder energy-shift, and 
then the dynamical force, we can use a generalization of 



((HI). In fact, we shall evaluate Hi(t)/2 in the Heisenberg 
representation and its average value on the initial state, 
that is the bare ground state of the atom-wall system. 
Using the expressions @ for the Heisenberg operators 
into the expression |(5J) of the interaction Hamiltonian, at 
the second order in the atom-field interaction we obtain 
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In analogy with the stationary case outlined above, we wall energy shift as 
can evaluate the time-dependent Casimir-Polder atom- 
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A similar approach for obtaining a time-dependent 
Casimir-Polder energy has already been used to calculate 
the dynamical Casimir-Polder force between a ground- 
state and an initially bare excited atom Q as well as 
dynamical three-body Casimir-Polder forces [l(|. The 
expression (|lip can be explicitly evaluated at any time 
t > compatible with our second-order perturbative ex- 
pansion, and for any atom-wall distance d. 

In the continuum limit, after some algebraic manipu- 
lation, eq. (TTT]) becomes 
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where xq = 2kgd and a = M. This expression can be 
written in the more compact form 
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where we have defined the differential operator D m as 
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A few words are necessary for the x— integral in (|12|) . 
The energy shift AE^ (d, t) diverges for a = 1, that is 
for t = 2d/c, which is the time at which the field emit- 
ted by the atom, after reflection on the conducting wall, 
goes back at the atomic position. This divergence is not 
surprising, being related to the well-known divergences 
of the radiation reaction field and to the dipole approx- 
imation [2(1 . It is also related to the assumption of an 
initially bare state [21], [22j]. For this reason, we shall not 
consider the interaction energy at times t ~ 2d/c. It is 
however worth to consider the Casimir-Polder energy for 
t < 2d/c and for t > 2d/c (a < 1 and a > 1, respec- 
tively), that is before and after the "back-reaction" time. 
In both these timescales, the analytical expression for the 
Casimir-Polder force, obtained in a quasi-static approach 
as minus the spatial derivative of the interaction energy, 
is 
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where Si(x) and Ci(x) are respectively the sine- and co- 
sine integral functions [16| . The parameter I in (fT5|) is 
for a < 1 and 1 for a > 1. This expression clearly shows 
the divergence at t — 2d/c discussed above. 

Let now discuss some features of physical relevance of 
the expression obtained for the dynamical Casimir-Poldcr 
force. At t = the force vanishes, due to the initial con- 
dition of a bare state. For successive times the force 
increases with an oscillatory behavior both in time and 
space, with scales given by Icq. Depending on the time 
t and the atom-wall distance d, the force can be posi- 
tive (attractive) or negative (repulsive). This is a new 
feature compared to the stationary case for the ground- 
state atom, where the force is always attractive. FigureQ] 
shows a plot of the Casimir-Polder force for a fixed value 
of d as a function of time for a < 1 , that is ct < 2d. The 
mentioned oscillations of the value of the force are evi- 
dent. An oscillatory behaviour of the force occurs also for 
a > 1, that is for ct > 2d, as shown in Figure [5] This plot 
shows also that for large t the force settles to a negative 
value, asymptotically yielding a static attractive force. 
From (fT3"]) or (|15|) it is easy to show that the asymptotic 
value of the force coincides with that obtained with a 
time- independent approach. This indicates that, at large 
times, the atom is fully dressed and thus its interaction 
with the wall is the same as in the static case. It is also 
worth mentioning that the fact that the force is not zero 
for t < d/c, i.e. before a light signal from the atom can 
reach the wall, should not surprise. In fact, for t > 
the atom immediately "knows" of the existence of the 
wall, because it interacts with the field modes d3j) which 



incorporate the presence of the conducting wall. 



IV. CONCLUSION 

In this paper we have considered the dynamical (time- 
dependent) Casimir-Polder force between an initially 
bare ground-state atom and a perfectly conducting wall. 
An analytical expression of the time-dependent force has 
been obtained, which shows that, contrarily to the well- 
known stationary case of an attractive force for any atom- 
wall distance, the force oscillates in time from attractive 
to repulsive values. The scale of these oscillations is re- 
lated to the atomic transition frequency. A characteristic 
timescale of the dynamical Casimir-Polder force is shown 
to be twice the time taken by a light signal to cover the 
atom-wall distance. This is physically understandable, 
because this is the time taken by the field emitted by 
the atom to go back to the atomic position, after being 
reflected on the wall, and interact with its source. Work 
in progress concerns the dynamical atom-wall Casimir- 
Polder force in the case of an initially excited atom. 
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FIG. 1: The dynamical Casimir-Polder force for t < 2d/c, that is before the back-reaction time. Units are such that c = 1 and 
ko — 1. The atom- wall distance is d — 10, thus the back- reaction time is t — 20. 
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FIG. 2: The dynamical Casimir-Polder force for t > 2d/c, that is after the back-reaction time. Same units and parameters of 
Fig. 1 have been used. 



